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1. Introduction 

Moduli spaces of general polarized algebraic varieties are studied extensively by algebraic 
geometers. However, there are two classes of moduli spaces where the methods of differential 
geometry are equally powerful. These are the moduli spaces of curves and the moduli spaces of 
polarized Calabi-Yau manifolds. Both spaces are complex orbifolds. The Weil-Petersson metric 
is the main tool for investigating the geometry of such moduli spaces. Under the Weil-Petersson 
metrics, these moduli spaces are Kahler orbifolds. 

The GIT construction of the (coarse) moduli space (see j27| ) of Mumford is as follows: let X 
be a Calabi-Yau manifold and let L be an ample line bundle over X. The pair (X, L) is called 
a polarized Calabi-Yau manifold. Choose a large m such that is very ample. In this way X 
is embedded into a complex projecive space CP^. Let ^ilb(X) be the Hilbert scheme of X. It 
is a compact complex variety. The group G = PSL{N + 1, C) acts on S^\[b{X) and the moduli 
space M is the quotient of the stable points of S)\[b{X) by the group G. For the purpose of this 
paper, we assume that M. is connected. 

The curvature of these moduli spaces with respect to the Weil-Petersson metric has been 
studied by many people. For the moduli space of curves, Wolpert [SO] gave an explicit formula 
for the curvature and proved that the (Riemannian) sectional curvature of the Weil-Petersson is 
negative. Siu |23j generalized the result to the moduli spaces of Kahler-Einstein manifolds with 
ci < 0. Schumacher |2^, using Siu's methods, computed the curvature tensor of the moduli 
spaces of Kahler-Einstein manifolds in the case of ci > and ci < respectively.^ Furthermore, 
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Strominger gave the curvature formula for the moduh space of Calabi-Yau threefolds using 
the Yukawa couphngs. GeneraUzing the formula, C. Wang |2H] proved the curvarure formula for 
Calabi-Yau n-folds where there are no Yukawa couplings. His proof is purely Hodge theoretic 
and is also true on Weil-Petersson varieties. 

It is important and interesting to know the geometry of moduli space at infinity. In [3], Jost 
and Yau were able to understand the moduli spaces of curves at infinity using the Schwarz-Yau 
lemma |31j . For moduli space of polarized Calabi-Yau manifolds, similar results could be found 
in ^ni- In order to make use of the Schwarz-Yau lemma, we need some natural metric on the 
moduli spaces whose holomorphic sectional curvature is negative away from zero. 

Unlike the case of moduli space of curves, the sectional curvature of the Weil-Petersson metric 
on moduli space of polarized Calabi-Yau manifolds is not negative, even in the case when the 
moduli space is one dimensional. The curvature of the Weil-Petersson metric can either be 
positive or negative (cf. ^ page 65]) on the moduli space of Calabi-Yau threefolds which are 
mirror manifolds of the quintic hypersurfaces in CP^. This fact prevents us from using the 
Schwarz-Yau lemma directly. 

In the first author introduced the Hodge metric on the moduli space of polarized Calabi- 
Yau manifolds. The Hodge metric is a Kahler metric on the moduli space. Its holomorphic 
bisectional curvature is nonpositive and both of its Ricci and holomorphic sectional curvature 
are negative away from zero. The Hodge metric on moduli space of Calabi-Yau manifolds is the 
counterpart of the Weil-Petersson metric on Teichmiiller space. In ^ we took a further step by 
defining the "partial Hodge metric" . We computed the curvature of the "partial Hodge metric" . 
The formula is parallel to the curvature formula of Wolpert 3(T on Teichmiiller space. In the 
case of the moduli space of Calabi-Yau threefolds and fourfolds, we proved that the "partial 
Hodge metric" is the same as the Hodge metric, up to a constant. 

Perhaps it is useful to make further comments on the motivations of this paper. We go back 
to the idea of Griffiths. In [Zj, Griffiths defined the period map. It is a holomorphic map 
from a moduli space to the "classifying space" defined by Griffiths. The image of the period 
map is an integral subvariety of the horizontal distribution by the Griffiths transversality. The 
idea of Griffiths is that by studying the integral submanifold of the horizontal distribution, one 
can partially recover the properties of the moduli space without having the knowledge of the 
varieties the moduli space parameterized. 

In the case of moduli space of polarized Calabi-Yau manifolds, we can do better. By a theorem 
of Tian pS], the Weil-Petersson metric can be defined by the curvature of the first Hodge bundle. 
This implies that the Weil-Petersson metric can be defined without the detailed knowledge of 
the Calabi-Yau manifolds. The presence of the Weil-Petersson metric gives severe restrictions 
on integral submanifold of the horizontal distribution. 

In § |HJ we define the Weil-Petersson geometry. This is defined to be an integral submanifold 
of the horizontal distribution with the Weil-Petersson metric on it. We further axiomatize the 
results of Viehweg j^Tj and Schmid [20] in defining the Weil-Petersson geometry. Of course, the 
axioms will give further restrictions of the integral submanifolds of the horizontal distribution. 
It has not been comprehensively studied how these results interact with the geometry of the 
integral submanifolds with the Weil-Petersson metrics. 

One of the motivation of this paper is to make a firm foundation to study these interactions. 

Before giving the main results of this paper, we give a short definition of Weil-Petersson, 
Hodge, and partial Hodge metrics. For detailed definitions, see j23 I^Hl for Weil-Petersson 
metric, jlH I12j for Hodge metric, and §4 for partial Hodge metric. 

All of these three metrics are Hodge theoretic in the sense that they depend on the variation of 
the Hodge structures only. Let F"' be the first Hodge bundle over A4. Then the Weil-Petersson 
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metric is defined as 

= ci{F^) = -^9aiogQ(i7,n), 

zvr 

where is a local holomorphic nonzero section of and Q is the polariztion (see (|2.2() '). The 
Hodge metric is defined as follows: given the period map 

where D is the Griffiths' classifying space. Let D = G/V for the real semisimple group G defined 
by the polarization Q. Let K be the connected components of the maximal compact subgroup 
of G containing V . The space G/K is a (Riemannian) symmetric space which carries the unique 
invariant metric ds^ (up to a constant). Let vr be the composition map J\A ^ D ^ G/K. Then 
the Hodge metric is defined by ■K*{ds'^). It is Kahlerian. 
The partial Hodge metric is defined by 

^ti = fJ-^wp + Ric(t^xvp) 

for positive number ^ > m + I, where m is the dimension of the moduli space. In the case of 
Calabi-Yau three and four-folds, with the suitable choice of fi, partial Hodge metric is the Hodge 
metric. If the dimension of the Calabi-Yau manifolds is greater than or equal to five, there is 
no direct link between the Hodge and the partial Hodge meric. 

As the first result of this paper, we have the following explicit formula for the curvature of 
the partial Hodge metric: 

Theorem 1.1. Let be a moduli space of polarized Calabi-Yau manifolds. Let the dimension 
of A4 be m. Let cowp be the Kdhler form of the Weil- Peter sson metric. Then the metric 
ujf^ = fiUJwP + Ric(a;vFp) is Kdhler for ^ > m -\- 1 and the curvature tensor of ujfj_ is 

^ijkl ={^-m- l)(5ij5fcl + 9ii9k]) - - ^)Fi-jkl + FiqcdPp-jkBa'''^ 
(1.1) +^am''ijpp9 9 + ^^^^^ 9 

(For notations, see §^. 

The obvious feature of the above expression is that the high order terms of Rjjjj dominates the 
high order terms of the rest of the curvature tensor. Using this, we can control the Riemannian 
sectional curvature by the scalar curvature in the case of Calabi-Yau threefolds (cf. 12 ) and of 
Calabi-Yau four folds (Theorem 15.4(1 . 

In the case of moduli space of Calabi-Yau fourfolds, we have the following result in § [l] 

Theorem 1.2. We use the notations as in the above theorem. Let fi = m + 2. Then the 
bisectional curvature of the Kdhler metric lo^ is nonpositive. The Ricci and the holomorphic 
sectional curvature are all negatively bounded by the constant — where m is the complex 
dimension of the moduli space. Furthermore, the partial Hodge metric is the Hodge metric in 
the case of moduli space of Calabi- Yau fourfolds, up to a constant. 

Remark 1.1. The Hodge metric was first defined in . Using Theorem 16.11 one can prove 
that it is Kahler. The fact that the holomorphic sectional curvature is negative away from 
zero also follows from the classical paper of Griffiths and Schmid [3]. The nonpositivity of the 
holomorphic bisectional curvature is from jllj . The contribution here is that we find the explicit 
relation between the Hodge metric and the Weil-Petersson metric in the moduli space of Calabi- 
Yau fourfolds, and we find out the optimal constant for the upper bound of the holomorphic 
sectional curvature of the Hodge metric. 

3 



We remark that the corresponding result of Theorem 11.21 in the case of Calabi-Yau threefold 
was proved in ^2j. In the fourfold case, we don't have the result of Bryant-Griffiths fl| about 
the integral submanifold of the horizontal distribution. However, we are still able to prove that 
in the case of fourfold, the "partial Hodge metric" is the Hodge metric. 

Using the above theorems and the Schwarz-Yau lemma, we have the following global result 
in §0 

Theorem 1.3. Let M be the moduli space of the polarized Calabi-Yau manifolds. Then the 
Hodge volume on any subvarieties of Ai is finite. The Riemannian sectional curvature is L} 
bounded with respect to the Weil-Petersson metric on any subvarieties. In particular, the moduli 
space of the polarized Calabi- Yau manifolds has finite Weil-Petersson volume. 

Remark 1.2. Since we don't know the boundedness of the curvatures of the Weil- Petersson or 
Hodge metric at infinity, it seems to be interesting to prove that the integral of the curvature is 
bounded. In the one dimensional case, if a complete Riemann surface has bounded total Gauss 
curvature, then it is 5^ removing finite many points. In high dimensions, we wish to find the 
geometric implications of the fact that the total curvature is finite. 

A more ambitious problem is to prove that the volume and the integration of the curvatures 
of the Weil-Petersson metric are rational numbers. The same problem on the moduli space of 
curves was studied by many people (cf. [22], [HSl, |S3 ES)- The difficulty in the 

case of moduli space of Calabi-Yau manifolds is that the compactification is not known to be 
"good" in the sense of Mumford [IT, Section 1]. The results of the Weil-Petersson volume on 
moduli space of Calabi-Yau manifolds will be in our next paper ,13, • 

In the second part of this paper, we study the asymptotic behavior of the curvature of the 
Hodge metric at infinity for moduli space of dimension one. The problem is related to the 
compactification of the moduli space of Calabi-Yau manifolds. By the theorem of Viehweg |27j . 
the moduli space is a quasi-projective variety. Other than this result, we don't know much of 
the asymptotic behavior of the moduli space. S. T. Yau suggested that one can compactify the 
moduli space by completing the moduli space using the Weil-Petersson metric first and then 
compactifying it. Under his suggestion, we study the problem. It seems to us that it is easier to 
complete the moduli space using the Hodge metric. After the completion of the moduli space 
using the Hodge metric, one would get a metric space which is not worse than a complex orbifold. 
We wish to study the curvature of the Hodge metric near the infinity of the moduli space in 
order to study the Siegel-type theorem and wish, by using this, we can give a differential 
geometric proof of the compactification theorem of Viehweg. The full results will appear at 1131. 
In this paper, we have the following 

Theorem 1.4. Assume the moduli space Ai of polarized Calabi-Yau threefolds is one dimen- 
sional. If A* is a holomorphic chart of Ai such that A* is complete at with respect to the 
Hodge metric, then the Gauss curvature of the Hodge metric is bounded.'^ 

Acknowledgment. We thank Professor P. Li, R. Schoen and G. Tian for the encouragement 
during the preparation of this paper. The first author especially thanks Professor Phong for the 
interest of the work and the support. Both authors thank Professor K. Liu for his interest in our 
work and the discussions. Finally, we thank the referee for the extremely valuable comments and 
criticisms on the manuscript. Without his (her) suggestions, the paper won't be in its current 
form. 

2. Preliminaries 

Let X be a compact Kahler manifold of dimension n. A form on X decomposes into 
{p, g)-components according to the number of dz's and dz's. Denoting the C°° n-forms and the 

^The referee pointed out that the result is also true for partial Hodge metric. 
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C°°{p,q) forms on X by A'^(X) and A'P'''(X) respectively, we have the fohowing decomposition 

= e AP''^{x). 

p+q=n 

The cohomology group is defined as 

}jP^i(^X) ={closed{p,q) — forms} /{exact (p, q) — forms} 

=W G AP'''{X)\dip = 0}/dA''-\X) n AP'''{X). 

The relations between the groups {H'f''^(X)} and the de Rham cohomology is the following 
Hodge decomposition: 

Theorem 2.1. (Hodge decomposition theorem) Let X be a compact Kdhler manifold of dimen- 
sion n. Then the n-th complex de Rham cohomology group of X can he written as the direct sum 

(2.1) H'^iX, Z) C = H'^niX, C) = HP^'^{X). 

p+q=n 

A (1, 1) form Lo is called a polarization of X if [uj] is the first Chern class of an ample line 
bundle over X. The pair {X,uj) is called a polarized algebraic variety. 
Using UJ, one can define 

L:H^{X,C)^ H''+^ {X,C), [a] ^[aAoj] 

to be the multiplication by uj for k = 0, - ■ ■ , 2n — 2. 

The following two famous Lefschetz theorems give a filtration of the Hodge groups and thus 
are extremely important in defining the classifying space and the period map. 

Theorem 2.2. (Hard Lefschetz theorem) On a polarized algebraic variety {X,uj) of dimension 
n, 

is an isomorphism for every positive integer k < n. 

The primitive cohomology P^{X, C) is then defined to be the kernel of ^"-^^+1 on H^{X, C). 

Theorem 2.3. (Lefschetz Decomposition Theorem) On a polarized algebraic variety {X,uj) of 
dimension n, we have the following decomposition: 

[-] 

Let Hz = P'^{X,C) n and iff'* = P"(X,C) n HP'^iX) for 0<p,q< n. Then we 

have 

Hz ^C = '^HP''i, HP''} = H^ 
for p + q = n. Set H = Hz ^ C. We call {HP''^} the Hodge decomposition of H. 
Remark 2.1. We define a filtration of Hz (Xi C = by 

C F" C C---F^ = H 

such that 

HP''i = FPr\F\ PP © F«-P+i = H. 

The set {HP'''} and {PP} are equivalent in describing the Hodge decomposition of H (cf. (|2.1|l '). 
We will use both notations interchangeably for the rest of this paper. 
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Now suppose that Q is the quadratic form on Hz induced by the cup product of the coho- 
mology group H^^{X,'C). Q can be represented by 

(2.2) Q(V9,V') = / <^AV 

Jx 

for ifjip €z H. Q is a nondegenerat quadratic form, and is skew-symmetric if n is odd and is 
symmetric if n is even. On H, the form Q satisfies the two Hodge-Riemann relations on the 
space HP''' of primitive harmonic {p, q) forms: 

{!) Q{HP'i,HP''i') = unless p' = n - p, q' = n - q; 

(2) (^—1)P~'' Q(ip,Tp) > for any nonzero element ip S H^'''. 

Definition 2.1. A polarized Hodge structure of weight n, denoted by {Hz,FP,Q}, is given by 
a lattice Hz, a filtration of H = Hz ® C 

C F" C F"-^ C ■■■ C F° C H, 

such that 

H = PP® F'^-P+i, 

together with a bilinear form 

Q : Hz (S) Hz ^ 

which is skew- symmetric if n is odd and symmetric if n is even such that it satisfies the two 
Hodge-Riemann relations: 

3. Q{FP, F"-P+^) = /or p = 1, • • • n; 

4. {^r^)P-'i Q{^,^) >OifipG HP''' and 99 ^ 0, 
where HP''' is defined by 

HP'i = n 

for p + q = n. 

Definition 2.2. The classifying space D for the polarized Hodge structure is the set of all 
filtrations 

C F" C • • • C F^ C FP ® F'''-P+^ = H, 

or the set of all the decompositions 

HP'" = H, HP'" = 
on which Q satisfies the two Hodge-Riemann relations 1,2 or 3,4 above. 
Let 

(2.3) Gr = G Rom{Hu,Hu)\Q{^v,^4^) = Q{y^,ij)}. 
Then D can also be written as the homogeneous space 

(2.4) D = G/V, 

where V is the compact subgroup of G which leaves a fixed Hodge decomposition {HP'"} invari- 
ant. Apparently, G is a semisimple real Lie group. 

Over the classifying space D we have the holomorphic vector bundles F", • • • ,F},H_ whose 
fibers at each point are the vector spaces F", • • • , F^,H, respectively. These bundles are called 
Hodge bundles. 

In SectionEJ we identify the holomorphic tangent bundle T^'^{D) as a subbundle of Hom{H_, H): 
T^'^{D) C eHom{FP,H/FP) = © Hom{HP'" , HP-'''"+''), 

r>0 
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such that the following compatible condition holds 



Definition 2.3. A subbundle Tfi{D) is called the horizontal distribution of D, if 

n{D) = {e G Ti'0(z))ieF^' c FP-\p = i, • • • , «}. 

For any point x E D such that x is defined as subspaces {H^''^} of H, define the two vector 
spaces 

H+ = + + . . . ; 

H- = + + . . . 

We fix a point xq G D. Suppose the corresponding vector spaces are {Hq''^} and {Hq , Hq}. 
Define K to be the connected compact subgroup of G leaving Hq invariant. We give the basic 
properties of the classifying spaces in the following three lemmas. The proofs are easy and are 
omitted. 

Lemma 2.1. K is the maximal compact subgroup of G containing V. In particular, V itself is 
a compact subgroup. 

□ 

Define the Weil operator 

C : HP^i HP'i, C\hp.i = (V^f^. 

Then we have 

c\h+ = {V^r, c\h- = -{V^r. 

Let 

Qi{x,y) = Q{Cx,y). 

Then we have 

Lemma 2.2. Qi is an Hermitian inner product. 

□ 

Lemma 2.3. Let 

Di = + + . . . \{HP''i} e D}. 

Then the group G acts on Di transitively with the stable subgroup K at , and D\ is a 
(Riemannian) symmetric space. 

□ 

Definition 2.4. We call map p 

p : G/V G/K, {HP^'i} ^ H""'^ + H""-^'^ + ■■■ 

the natural projection of the classifying space. Using the notation of coset, p{aV) = aK for any 
aeG. 

With the above discussions, we can prove 
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Proposition 2.1. Suppose Ty{D) is the distribution of the tangent vectors of the fibers of the 
canonical map 

p: G/K, 

then 

T,{D)nTh{D) = {0}. 

Proof: Let q be the Lie algebra of the Lie group G. Let g = f +p be the Cartan decomposition 
such that f is the Lie algebra of K. Then 

mD) = Gxvt>i 

where f = d + Oi and di is the orthonormal complement of the Lie algebra d of V. On the other 
hand, Th{D) C G xy p. So we have T^{D) n Th{D) = {0}. 

□ 

Definition 2.5. A horizontal slice M of D is a complex integral submanifold of the distribution 
Th{D). 

Definition 2.6. Let U be an open neighborhood of the universal deformation space of X. Assume 
that U is smooth. Then for each X' near X, we have an isomorphism i/'"(X',C) = C). 
Under this isomorphism, {i?P'«(X') n P"(X', C)}p+g can be considered as a point of D. The 
map 

u^D, x'^ {HP'\x') n P"(x', c) W„ 

is called the period map. If Ti ^ T is a homomorphism between two discrete groups and the 
period map is equivariant with respect to the two groups, then we also call induced map 

ri\u r\D 

a period map. 

The most important property of the period map is the following jlj: 

Theorem 2.4. (Griffiths) The period map p : U ^ D is holomorphic. Furthermore, it is an 
immersion and p{U) is a horizontal slice of the classifying space. 

From the above theorem and Proposition 12. II in this section, we can prove: 

Corollary 2.1. With the notations as above, the map 

p:U CD ^Di = G/K 

is a (real) immersion. 

Definition 2.7. Using the above notations, let h be the invariant Kdhler metric on Di. The 
Hodge metric is defined as the (Riemannian) metric p*h on the horizontal slice U. 

Remark 2.2. In the first author proved that the Hodge metric of U is Kahler . 

Now we introduce the Nilpotent Orbit theorem of Schmid Let f : X ^ S he a family 
of compact Kahler manifolds. In order to study the degeneration of the variation of the Hodge 
structure, we let S = A*' x A™~', where I > l,m > /, and A, A* are the unit disk and the 
punctured unit disk in the complex plane, respectively. Consider the period map 

$ : A*' X A*"-^ ^ T\D. 

By going to the universal covering [/' X A™-', one can lift $ to a mapping 

X A"-' ^ D, 
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where U is the upper half plane. Corresponding to each of the first I variables, we choose a 
monodromy transformation Tj G F, where T is the monodromy group, so that 

^{Zi, ■■■ ,Zi + l,--- Zi,Wi+i, ■ ■ ■ ,Wm) =TiO ^{zi, ■ ■ ■ ,Zi,Wi+i, ■ ■ ■ ,Wm), 

holds identically in all variables. Tj's commute with each other. We know that all the eigenvalues 
of Ti are roots of unity. Let Tj = Ti^gTi^u be the Jordan decomposition where Ti^g is semisimple 
and Ti^u is unipotent. We also assume that T.'^^ = / for some positive integer Si so that we can 
define Ni = j:\ogT-' = Efc>i(-1)''^H(7]''' -if- AH Ni are commutative. 
Let z = (zi, • • • , zi)^ sz = (si^i, • • • , sizi) and w = (wz+i, • • • , Wm)- The map 

w) = exp(- ^ SiZiNi) o w) 

i=l 

remains invariant under the translation Zi ^ Zi + 1,1 < i < I. It follows that ^ drops to a 
mapping 

^ : A*' X A"*"' b. 

Theorem 2.5 (Nilpotent Orbit Theorem HO]). The map ^ extends holomorphically to A™. 
For w e A™~^, the point 

a{w) = ^'(0,u;) G D 

is left fixed by T^ g, 1 < i < 1. For any given number r] with < rj < 1, there exist constants 
d, f3 > 0, such that under the restrictions 

Imzj > a,l < i < I and \wj\ < r],l + 1 < j < m, 
the point exp{^\^^ ZiNi) o a{w) lies in D and satisfies the inequality 

d{exp(^ZiNi) o a{w),^{z,w)) < {U[^ilmzi)'^ exp{-2TTs^^Imzi) 

1=1 i=l 

here d is the Gr invariant Riemannian distance function on D. Finally, the mapping 

I 

{z, w) I— > exp(y~^ ZiNi) o a{w) 

i=l 

is horizontal. 

Now we assume that the generic fiber X of the map / : A" — > S is a polarized Calabi-Yau 
manifold. For the the sake of simplicity, we assume that X is compact, simply connected and 
algebraic with ci{X) = 0. By a theorem of Tian ^ (See also Todorov 26 ), the universal 
deformation space of X is smooth. Since there are no nonzero holomorphic vector fields on a 
Calabi-Yau manifold, the moduli space of polarized Calabi-Yau manifolds is an orbifold. The 
following important theorem of Viehweg gives the compactification of the moduli space: 

Theorem 2.6. (Viehweg j271 page 21, Theorem 1.13]J Let M be the moduli space of polarized 
Calabi-Yau manifolds and the line bundle is the Hodge bundle defined right after Defini- 
tion \2.IA Then M. is quasi-projective and the line bundle extends to an ample line bundle 
over Ai, the compactification of M. 

With the classical Hironaka theorem we have the following 

■^Tian's proof is more general since one merely assumes the 99-lemma hold for X. That is equivalent to assume 
that the Hodge-de Rham spectral sequence for X degenerates at the E\ term. See the survey paper of Friedman |3] 
for details. 
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Corollary 2.2. Let M be the compactification of the moduli space A4 in the above sense, then 
after a smooth resolution, one can assume that Ai\M. is a divisor of normal crossing. In other 
word, let xq £ then in a neighborhood of xq, we can write M as 

where m is the complex dimension of M. 

3. Curvature of Weil-Petersson metrics 

For the rest of this paper, we assume that M. is the moduli space of polarized Calabi-Yau 
manifolds of dimension n> 2^. 

Remark 3.1. The following notations and conventions will be used through out the rest of this 
paper. 

Form a Kahler manifold M with metric g^^, the curvature tensor is given by 



^^^^ dzk&zi dzk &zi ' 

Using this convention, the Ricci curvature is 



Furthermore, the Christoffel symbol of this metric is given by 

pfc _ kq ^9iq 



We also have 



So the holomorphic bisectional curvature of this metric is nonpositive means -Rjjjj > for all 

Now let be a nonzero local holomorphic section of the Hodge bundle . In this section, 
we assume 1 < i, j < m unless otherwise stated, where m is the dimension of the moduli space 
M. We set ^ 

(3.1) = {^/^)''Q{n,^. 

By the Hodge-Riemann relations we know that (17, 17) > 0. In local coordinates, the Weil- 
Petersson metric is given by 



(3.2) g, = -d-d, io,in,n) = -Mi^ + io.n,mn,d,n) 

where di,dj are the operators -§^.^-§^.^ respectively. From 2^, we know that the definition is 
the same as the Weil-Petersson metric defined in the classical way. In this section, we compute 
the curvature of the Weil-Petersson metric. We begin with defining 

(3.3) i^^ = _5,log(17,0) = -i|^, 
and 

(3.4) DiVt = diQ + K^n 

^For K3 surfaces, the Weil-Petersson metric is half of the Hodge metric. Thus we omit this case. 
^In fact, we use the notation (^, rj) = (\/— 1)"Q(^, rj) in the rest of this paper where ^, ri are n-forms. The 
bilinear form ( , ) is not necessary positive definite. 
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for 1 < i < m. Then g-j = djKi. 

Lemma 3.1. Under the notions as above, the following properties hold: 

(1) {pin,Ti) = 0; 

(2) djDin = g^-jQ^ 

where 1 < i,j < m. 

Proof. By and (|^ we have 

which proves (1). (2) fohows from 

djDin = djdin + (djKi)Q = g-jQ. 
Combining the above two equations with (|3.2)) we have 



__{djDin,n)_ {DiVL,djQ.) _ {Din,Djn) {Din,Kjn) _ {Din,Djn) 

This finishes the proof. 

□ 

From the above lemma, we see that DiVL is the projection of diQ. into with respect to 

the quadratic form ( , ). Now we consider the projection of djDiO, into In the following 

we will use F^j to denote the Christoffel symbol of the Weil-Petersson metric. Let 

(3.5) DjDin = djDiQ - ^ rf^Dfcf^ + KjDiQ. 

k 

Lemma 3.2. Using the same notations as above, for any 1 < i, j,l < m, we have 

(1) {DjDin,Ti) = 0; 

(2) {DjDin,Wl) = 0; 

(3) DjOifl = DiDjn. 

Proof. A straightforward computation gives 

{DjDin,Ti) = {djDin,Ti) - ^r'^jiDkn,!}) + Kj{Din,T}) = dj{Din,T}) = o, 

k 

where in the last equality, we used (1) of Lemma l3.ll This proves (1). Using Lemma l3.ll we 
have 



d,{-gfi{n, n)) - {Din, djDin) + r'^jg^^jin, n) - K^g^jin, n) 

k 

-djg.jin,n) - gfiidjn,n) - {D,a,g-p) + djg^j{n,Tl) - ga{K,n,Tl) 

-g-^{D,n,n)-g.jiDin,n) = o. 
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This proves (2). To prove (3), we see that 

DjDiQ = djDiQ - T^jDkn + KjDifl 

k 

= djOifl + K.djn - T^jDkn + KjdiVt + KjKiVt - ^^^^^^Vt 

{din,mdjn,n) 

Thus (3) follows from the fact that the above formula is symmetric with respect to i and j. 

□ 

Let Rfjf^i be the curvature tensor of g^j. Then we have the following I28|: 
Theorem 3.1. Let {gj-j)mxm be the Weil-Petersson metric and let DjDiO, be defined as in ()3.5() . 



Then the Weil-Petersson metric is Kdhler [22], and the curvature tensor is 

(3-6) Ri]ki = dipki + 9i-i9kJ 

for 1 < k,l < m. 
Proof. By definition 



{DkDi^,DiDjn) 

\jki ~ yijfki yuykj 



dzk&zi dzk dzi 

From (3) of Lemma l3. 11 we know 



(3-7) Rm = ^-a'"-!^-^- 



%7 _ idkDin,Djn) {DiVt,dkDjVi) {D,n,Djn) 



dzk {n,n) 

By (1) of Lemma l3. 11 



{n,n) {n,T}) {n,Ti) 

Using the definition of Ki, we have 

% ^ i^kD^n + KkD^n,D~n) 

dzk {Q,Q) 
Let Aij = diDjVL + KiDjVL = DiDjO. + T^jDkn. Then 
.3 8^ dgg ^ _(Ak^^^^l 

^ ' ^ dzk 

Similarly, we have 



dzi {n, n) 



(3.9) 

From ()3.8p we have 

f3 10) ^'g^J ^ (diAk^,D~n) _ (Akud^) {Ak^,D~n) 

^ ■ ' dzkcfzi (0,0) (0,0) (0,0)2 y ^ I I- 

We also have 

diAki = diidkDiQ + KkDiQ) = dk{diDi^) + (diKk)D^n + KkdiDiVL 
= dk{gifl) + gkiDiO. + Kkg^-ft = {dkgfi)0. + g^iDkO. + gkiD^n, 
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and 



Thus from (|3.1Up . we have 

d^9i] ^ {idkgfi)n + g.iDkn + g^jD,n,D~n) {Ak,,'WDfl) {AkuKjDp) 
(3 11) ^""^^^ ^^'^^ ^^'^^ ^^'^^ 

{-^ki 1 ^Ij ) 

-9i-i9kj+9iPk-i- ^^^-^^ ' 

by using Lemma l3.ll Combining H3.8() . 1)3.9^ and p.llf) . and using Lemma 13.21 we have 

_ (Am, A]) -qdgi-g {Dpn,A{-) 
^ijki - 9ij9H + 9ii9k-j 777n^ + ^ 



iAik-rP^,,Dpn,A^) 



{DkDin,DiDjn) 

- 9i-,9ki + 9u9kl 

This finishes the proof. □ 

Remark 3.2. For the moduh space of Calabi-Yau threefolds, Strominger j24j proved that the 
curvature tensor is 



R. 



ijkl ~ 9ij9ki + 9ii9kj ^ /Q T^-.2^^'^ '^^^P^i^i 



p,<i 



where Fi^p is the Yukawa couphng. In the case of Calabi-Yau threefolds, DiDjQ G H^'^. In 
fact, DiDjVL is the orthogonal projection of didjil to H^'^. Thus 



It is easy to see that {DiD^Vt, DpQ) = —Fi^p- Thus our theorem is the same as Strominger's in 
the case of Calabi-Yau threefolds. 

Remark 3.3. Theorem 13.11 was proved in j21j using the method of I23j which is different from 
ours. In his paper PF^, Todorov introduced the geodesic coordinates from which it is much 
easier to get the curvature formula. The current proof was by Wang (28] which is purely Hodge 
theoretic. Such a proof can be generalized to general horizontal slice. 



4. Partial Hodge Metrics 

We use the Ricci curvature of the Weil-Petersson metric to construct a new metric. Let ivwp 
be the Kahler form of the Weil-Petersson metric and let /i > m -|- 1 be a real number. Let 

(4.1) Up, = fj.uJwP + Riciujwp)- 

By Theorem 13. 11 we know that lo^ is a Kahler metric. We notice here that when the dimension 
of the Calabi-Yau manifolds is 3 or 4, by choosing suitable /i, the metric uip coincides with the 
Hodge metric(cf. §ini)- For this reason we call lo^ the "partial Hodge metric". It is a metric 
between the Weil-Petersson metric and the Hodge metric. 
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In this section, unless otherwise stated, the subscripts k, l,p, q,a, - ■ ■ wih be ranging from 
1 to m. Define a tensor 

(4.2) Tkai = dkDaDiQ + K^D^D^n - Tl^DpDiQ - ^ TlD^DpQ, 

p p 

where F^^ is the Christoffel symbol of the Weil-Petersson metric and 17 is a nonzero local 
holomorphic section of as in the previous section. We use g-j and h-j to denote the metric 
matrices of the Weil-Petersson metric and the metric uj^ (for some chosen fj.) in local coordinates 
(zi, • • •, Zm) respectively, and use -Rjj^j and Rfjjfi to denote their curvature tensors respectively. 
We also use i?,-7 to denote the Ricci tensor of the Weil-Petersson metric. 

Let D^DaDiQ be the projection of T^ai into iJ"-~3,3 -^[^y^ respect to the quadratic form ( , ) 
in 1)3. Let E^ai = T^ai — D^DaDiQ. Then we have the following 

Lemma 4.1. Using the same notations as above, we have 

where Tf^ai is defined in (|4.2() . 

Proof. By definition of T/^ai and the Griffiths' transversality, 

Using Lemma 13.21 we have 

{Tka^,^ = {dkDaD,n,n) = 0. 

So there is no H^'^ components in Tkai- On the other hand, H^^^'^ is spanned by DiQ. Using 
Lemma 13.21 again . we have 

{Tkai,D~n) = 0. 

Thus Tkai has no H^^~^'^ component and this completes the proof. 

□ 

Define the curvature like tensor F by 



(4.3) 



^ {DkDin,DiDjn) 



Using Lemma 13.21 and the Hodge-Riemann relations we know that the tensor F has all symme- 
tries that a curvature tensor has. 

The Strominger formula (Theorem 13. 1|) can be written as 

(4-4) Rijki = 9i-j9kl + 9ii9k-j - ^ijkl- 

The curvature tensor of the partial Hodge metric is 

Theorem 4.1. The metric lo^ is Kdhler and the curvature tensor of lo^ is 

Ajkl =i^^-m- l)((7,j5fcl + 9u9kj) " " + ^ Eiqal^pjkp"^ 9^''^ 

afipq 



(4.5) + ^aqkl^ijpli9 9 + 9 

a/Spq a(3 ^ ' ' 



\ - [Ekai, Ei/3j) a~p _ Sr^ j^st i^kai, DisDt^) {D^Dg^, Eit-j) 

(^'^) ' ~ ahst (^'^) (^'^) ' ' ■ 

We will leave the proof of this theorem in the appendix due to its length. 

The main theorem of this section is that, for the moduli space of Calabi-Yau fourfolds, with 
a suitable choice of /i, the partial Hodge metric has the following property: 
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Theorem 4.2. Let n = 4 and let oopH = {'m + 2)L0y/p + Ric{uj\Yp), then 

1. ujpH is a Kdhler metric. 

2. The Ricci curvature and the holomorphic sectional curvature of top h are hounded above by 
the negative constant — . 

3. The holomorphic bisectional curvature of ujph is nonpositive. 

Proof. By Theorem 14. II we know that loph is Kahler . From (|9.2() we know that 
(4-6) = + F^j^-^g-~^. 

Fix a point xq in the moduh space. Let zi,- ■ -^Zm be the local holomorphic normal coordinate 
at xq with respect to the Weil-Petersson metric. Then at the point xq, we have 



5 r)r7°^ 5fl„^7! r9r7°^ ^ 



(4-7) _ da^-p _ dg'-P _ dg-p _ dg'^^ 



dz^ dz^ &z^ dz~f 
Replacing 17 by $7 = where / is a local holomorphic function defined by 

f{z) = {n,n) 2{xo)-}_^-—^——jZi, 

we have , at the point xq, 



(4.8) {dk^,n) = {Sl,dk^) = Q 
for each /c = 1, 2, • • •, n and 

(4.9) (J7,^) = l. 

By abusing of notations, we use O to replace for the rest of this section. 

We set i = i and k = I. Based on the above notations, from Theorem 14 . 1 1 we have 

%fcfc = 1 + - 2{DkD,n,DkD,n) + Y^iDaDifi, DkD.,n){DkD.,n, DaD^n) 



Fix the indices k and i. Let [/„ = hP'iY^p{Ekpi,DisDq9)Dc,Dpil. Then [/„ e H^'^. By the 
Hodge- Riemann relations we know that, for any a 



(4.11) {Ekc^i - Ua, Ekai - Ua) > 0. 

By (|4.6() . we have 

(4.12) h^j = 6^j+Y,iDaDin,D;^D~n). 
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Thus 



(4.13) 



13 7 
13 7 



h''^Y.(^k^3^,DpD,n) 

f3,q 



2 

/3 7 P 

13 7 

f3 



and 



(4.14) J^(?7a,^^fca^) = hP^Y.{Ekf3^,DpDgn) Y^iDaOpQ, E^ai) ■ 

a pa 

Combining (f^TT^ and (I^TTH) we have 

(4.15) Y.^Eka^,E^) - hP'^Y{Eko,„D:^Djl)J2iDpDpn,E^) > 0. 

a ci fj 

Thus the sum of the last two terms in (|4.1Up is nonnegative. 
We shaU show that the term 

a 

is related to the Yukawa coupling of fourfolds. 

Definition 4.1. Using the same notations as above, define a holomorphic section o/Sym^F^® 
{T*M)^^ to be 

(4.16) Cijki = {^,didjdkdin). 
We call S^ijki the Yukawa coupling for Calabi- Yau fourfolds. 

Clearly ^jj^; is symmetric with respect to i,j, k, I. 
Lemma 4.2. Using the same notations as above, we have 

(4.17) ^ijki = -{DjDkDin,Din) = {DkDin,D,D,n). 

Proof. The lemma follows from the definition of T^^j and the first Hodge-Riemann relation. 

□ 

Using the above lemma, we have 

(4.18) Y.^DkD^D,a,DkDo,D,a) = - ^ \i,kai\^ . 

a a,l 
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Combining f^U^ . (|I?T3|) and (|I?TK|) we have 

Riikk > 1 + - 2{DkD,n,DkDin) + Y^iDaDifi, DkD.,n){DkD.,n, DaD^n) 
(4.19) ^ ^ 

a, (3 a,l 

The quadratic form ( , ) defines an inner product on H^'^ by the second Hodge-Riemann 
relation. Let toi, ■ ■ -jLOn be a (real) basis of H"^'^ such that {LOp,ujq) = 5pg. Fix the index i. Let 
DiDa^ = Ylp=i ^ap^p and let D^Df^U = J2p=i BppUJp. By Lemma IrOl we have 

= ^iD,D^n,DiDpn){DkDpn,DkD^n) - Y,iDkDf3n,D,D^n){DiDpn,DkD^n) 

N 

= ^ ''^{AajAf^jBfiiBal — AajBpjApiBal). 
j,l=l a,(3 

Let Uji = J2a AajBai- From (|4.2Uj) we have 

Y,{DaDiVL,DpD,a){DpDkn,D^Dk^) - ^{DkDrn, D^Di^){DkDrn, D^Di^) 

a, (3 a,T 

(4.21) TV AT 

Combining (|4.19|) and (|4.21|) we have 

(4.22) > 1 + <5,fc - 2{DkD,n,D^D~n) + ^ |(Z), A^^,^D^^)|'. 
Ifi^k, then by KTIh 

(4.23) R.jf^^ > 1 - 2{DkD,n,DkD,n) + \{DkD,n,D^D~n)\^ > 0. 
This implies the holomorphic bisectional curvature of ujph is nonpositive. 



Now we estimate the holomorphic sectional curvature. Let i = k. By (|4.22j) we have 

|2 



a,l3 

>2 - 2{DiD,n,D^) + Y,\iDaDin,D^D~n)\^. 



(4.24) "'^ 



By (jI?T^ we have 

(4.25) = 1 + 



Let Oq, = {DaDiQ, DaDi^l) for a ^ i and let Oj = {DiDi^}, DiDiQ) — 1. Clearly they are real 
numbers by the Hodge-Riemann relations. From (|4.24^) and (|4.25j) we have 

a 

and 
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Combining the above two inequalities and the fohowing trivial inequality 




we have 



(4-26) Rm > 



This proved the holomorphic sectional curvature oiupH is bounded above by a negative constant. 
Clearly the Ricci curvature is bounded above by the same negative constant since the bisectional 
curvature is nonpositive. 



In this section we will prove that the volumes of any subvariety of the moduli space equipped 
with the Weil-Petersson metric or the Hodge metric (Definition 12. 7() are finite. Also, we will 
show that the Riemannian sectional curvature of the Weil-Petersson metric is finite in the 
sense. The key tool we use here is Yau's Schwarz Lemma [3Tj. The following version is proved 
by Royden 

Theorem 5.1. Let M, N he two Kdhler manifolds such that M is complete and the Ricci 
curvature of M is lowerly bounded and the holomorphic sectional curvature of N is upperly 
hounded by a negative constant. Then there is a constant C , depending only on the lower bound 
of the Ricci curvature M and the upper bound of the holomorphic sectional curvature of N such 
that 



Use the above theorem, we first have 

Theorem 5.2. Let M be the moduli space of polarized Calabi-Yau n-folds. Then the volume of 
any subvariety Mi of M equipped with the Weil-Petersson metric or the Hodge metric is finite. 

Proof. Since the moduli space is quasi-projective, after desingularization, we can assume 
that M = Y \ R where y is a compact Kahler manifold and -R is a divisor of normal crossings. 
Prom 0, we know that there is a complete metric loq on A4 such that its volume is finite and 
its Ricci curvature has a lower bound. Moreover, this metric behaves like the Poincare metric 
near R. By Theorem 1.2 in the holomorphic sectional curvature of the Hodge metric ujh is 
negative away from zero. Let i be the identity map 



For any subvariety Mi of the moduli space M, we restrict the Hodge metric ujh to it. By the 
Gauss equation, the holomorphic sectional curvature on the smooth part of the subvariety Mi 
is negative away from zero. Since Mi is either compact or quasi-projective, using the same 
argument for Ai, we proved the volume with respect to the Hodge metric is finite. 
By Corollarv 16. 2( up to a constant 

(5.3) ujwp < ^H- 



□ 



5. Scalar curvature bounds the sectional curvature 



(5.1) i:{M,u:Q)^{M,u:H), 
which is holomorphic. By Schwarz- Yau lemma j31j we have 

(5.2) UJH = i*oJH < cojQ 
for some positive constant c. Thus 
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So the volume of the Weil-Petersson metric on any subvariety of A4 is also finite. This finishes 
the proof. 

□ 

From the above theorem we can bound the norm of the sectional curvature of the Weil- 
Petersson metric. 

Theorem 5.3. Let M. be the moduli space of polarized Calabi-Yau n-folds. Then the norm 
of the Riemannian sectional curvature of M equipped with the Weil-Petersson metric is finite. 

Proof. For any point xq in the moduli space, let zi,- ■ •, be the local normal coordinates 
at Xq with respect to the Weil-Petersson metric. Let X and Y be two real unit tangent vectors 
of Ai at Xq. Clearly there is a constant c which is independent of P such that 



\R{X,Y,X,Y)\' < c\R^j,-f = c R^^R. 



(5.4) I^V^' ^ ' ^1 ^ ^l^ijfcll - ^ ^ijki^jiik- 

i,j,k,l 

We make the assumptions (|4.7j) , (|4.8|) and (|4.9j) at xq like we did in the proof of Theorem 14.21 
From the basic fact 

1 



(5.5) 



\{DkD,Vt,DiDj^)\' < -{\{DkD,n,DkD,n)\' + \{DiD,n, DiDjn)\') 
and the Strominger formula we have 

\R{X,Y,X,Y)\'<cY,R^3k^Rfu-k 

i,j,k,l 

=c ^ {Sij5ki + 5ii6kj - {DkDiQ, DiDjQ)){6ij6ki + 6uSkj - {DiDjVL, DkDiVt)) 

i,j,k,l 

i,k i,j,k,l 

<ci (m + Y^iDkDifl, D^)f = ci (^ %)2 

i,k i 

for some universal constant ci only depending on m. Thus from ()5.3|) we have 

/ \R{X,Y,X,Y)\u;^p < ^ / V^^^I^p < m^HT I oj^ < +oo. 
JM JM~~ JM 

This proves that the norm of the Riemannian sectional curvature of the Weil-Petersson is 
bounded. 

□ 

For the rest of this section ,we assume that n = 4. We will prove that the Riemannian 
sectional curvature of lo^ is bounded by the scalar curvature pointwisely up to a constant. The 
similar result has been proved in [12] in the case of Calabi-Yau threefolds. 



Theorem 5.4. Let M he the moduli space of polarized Calabi-Yau fourf olds. Then there are 
positive constants ci and C2 such that the Riemannian sectional curvature of the partial Hodge 
metric oo^ is hounded hy ci -|- C2\R\ where R is the scalar curvature of the partial Hodge metric. 

Proof. Fix a point xq G and let X and Y be two real tangent vectors at xq such that X 
is perpendicular to Y with respect to lo^. Let ^ = X — ^J—1JX and rj = Y — \/—lJY where 
J is the complex structure of M. Clearly ^ is perpendicular to r] with respect o;^ too. We 
make the assumption (|4.7() . (|4.8() . and 1)4. 9|) like we did in the proof of Theorem 14. 21 for the local 
coordinates (zi,--- ,Zm) and the local section fi. We can choose a unitary transformation of 
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the coordinates such that ^ = tj = b-^ with i ^ j for some complex numbers a, h and the 
matrix /i^j of oj^ is diagonahzed with h^-^ = SijXi. We have 

(5.6) RiX,Y,X,Y) = l(i?e(%,r?,e,??)) - m,lv,v))- 

In the following, we will use to denote the square of the norm of a complex vector with 
respect to u^. The second term in the right hand side of the above formula is easy to estimate: 

m,lv,v)\ =HM%ijj = mf\\v\\'R^ij3K'^f 

since Rn^-i > for 1 < i, ?' < m by Theorem 14.21 By Theorem 14. II and Theorem 14.21 

a, 13 aP 

(5.8) __ _ 

+ Cy^X^iai, Ejaj) — ^ Xp^ {Eiai, DaDpQ,){D pDp^}, Ejfjj)) . 

a p,oi,l3 

Let G be the vector space spanned by {Li} where i = 1, ■ ■ -,171 and Li = {Em, ■ ■ -^Eimi)- We 
now define a bilinear form ((•,•)) on G by 

(5.9) {(Li,Lj)) = Y,iEiai,E~) - J2 \p\Eiai,DaDpn){D^Dpn,E~^). 

By (|4.15|1 . we know that {(Li,Lj)) is a Hermitian semi-inner product on G. So we have the 
following Cauchy inequality: 

(5.10) \m,L,))\ < ^{{U,LmLj,L,)). 
However, by the proof of Theorem 14.21 we know 

(5 11) ((-^i'-^i)) = y^^jEjai, Eiai) — ^ \p^ {Eiai, DaDpQ){D pDpVL, Eijn) < R-j-j < |i?|A^. 
a p,a,l3 

Combining (|5.9j) . (|5.1()j) and (l^.llj) we have 



(5.12) 



y^^jEiai, Ejaj) — \p^{Eiai, DaDpQ){Di3Dpfl, Eji3j] 

a P,a,/3 



< |i?|AjAj. 



Since (— 1)(-, •) is a Hermitian inner product on H^'^, from (|4.2H) we have 



j ja/3 1 • 
a/3 



By we have 



So combining 1)5. 13(1 and 1)5.14(1 we have 



_ ^ 2 

2 / ^ I'' Ma/3 1 ■ 
o,/3 a,l3 



(5.15) X] ^ii<^Pinocl3 < l^iiaisl^ X] l^iJa;3l^ - '^V ^fifi^jljl - 2|-R| Ai Aj- 

a/3 V a,/3 a,/3 
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From (|4.22|) we have 



(5.16) -^"ii - ^ '^^iijj + X] l^i/Sajl^ - X] l-^ija/?!^ ^^fijj^"^ ' 

a,f3 a,l3 

So we have 

(5.17) 1^ X] ^ X^d^a^'^ + l^/Ja'^) = ^ X] '^aisl^ - ^^iijj + 2|-?^i 

a,/3 a, 13 a,l3 

From (|5.14|) , since i ^ j we have 



(5-18) < ^^2R^s 

and 



Combining (|^T71) . (|^TTH|) and (I^TTB we have 



(5.20) |2 E %a]3%/3^l < ^Rujl + V^^J^J^^M ^ 1^1^^^^ + V^'^'^' = ^1^1^^^^ 
From (|5.14|) we also have 



(5.21) |2F,-,.| < 2^fZ^- < 2(AR^^R.j^j)^ < 2p\R\K\j < 1 + 2|i?|A,A,-. 

By the Hodge-Riemann relations we know Aj = 1 + ^^^F--^^— > 1. Combining (|5.8|) . (|5.12j) . 
(t^:^ and (I^THl we have 

l^e(ii(e,ry,e,r/))| <|a|2|6|2|i?_| < |ap|6|2 + 9|i?||ap|6|2A,A, 

<iieinMp(i + 9|i?i). 

Combining and (|^?^ we have 

(5.23) |i?(x,y,x,y)| < (i + ^|i?|)||^|p||ry||2 = (1 + | |x| p| |y| |2. 

This finishes the proof. □ 

6. Hodge metrics 

Let X, Y be finite dimensional Hermitian vector spaces and let <, >x, <, >y be the Hermitian 
inner products of X and Y, respectively. Let A, B : X ^ Y he linear operators. Then we can 
define the natural Hermitian inner product for A, B on the space Hom(X, Y) as follows: let 
ei, • • • , Cn be a unitary basis of X. Then define 

(6.1) < A, S >= E < Aei,Bei > . 

i 

Let D be the classifying space defined in Definition 12.21 The complexified tangent bundle 
TD C of D can be realized as the subbundle of 

(6.2) TD ®CC ep+9=nHom(i/f''?, H/HP'1). 

By Lemma 12.21 (^y—lyP~'^Q{ , ) is the Hermitian inner product of H^''', it naturally induced 
a Riemannian metric h on TD (8) C via the above realization. 

Define an almost complex structure J on TD C as follows: let X be a local section of 
TD (g) C, then 



(6.3) JX 



-IX, if X Griep+g=niiomiHP''',er<pH^'')) 
^X, if X Gr{®p+g=niiom{HP'i,(Br>pH^^')) ' 
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We have the fohowing 



Proposition 6.1. The Riemannian metric h is G and J invariant. Furthermore, J is a G 
invariant complex structure on D. Thus h defines a Hermitian metric on D. 

Proof. Let x,y £ D and = y for some ^ G G. Let e\, - ■ ■ , e^^ be an unitary basis of i/^''' 
at X. Then ^Cj*, • • • , ^Cn^ will be an unitary basis of H'^''^ at y by the definition of G. If X is a 
tangent vector at x, then X induced the tangent vector X = at y. Thus 

p i 

which proves the invariance of h with respect to G. 

To prove that h is also J invariant, we let X,Y be two holomorphic vectors at x. We just 
need to prove that h{X,Y) = 0. Let p + q = n. Suppose X is nonzero restricting to H^''^. As 
above, let e\, - ■ ■ , be the unitary basis of H^''^. We claim that 

Q(Xef , Yel) =0, 1 < i < dimFf-^. 

To see this, assume that a component of Xe^ G H^'^ . Then we have r < p. In order that 
Q((Xe^)'''*, ye^) 7^ 0, we must have s < q. But this is a contradiction because p + g = r + s = n. 

It remains to prove that the almost complex structure is integrable. To prove this, we first 
observe that the same J defines an almost complex structure on D, the compact dual of D. The 
almost complex structure on D is defined by the pull back of the complex structure of the flag 
manifold, which is a complex manifold. 

□ 

The main result of this section is: 

Theorem 6.1. Let M he a horizontal slice of the classifying space D coming from the moduli 
space of the polarized Calahi- Yau manifolds. Then the metric h is the Hodge metric on Ai. In 
particular, the Hodge metric is Kdhler . 

The assumption in the theorem can be weakened to the case where there is a horizontal slice 
with the Weil-Petersson metric is defined. See §|Hlfor details. 

Proof. Let Di be the Hermitian symmetric space defined by the set of subspaces 

H+ = © /7"-2:2 . . . 

in H. As in Sectional the natural projection 

p:D^Di 

is defined by 

which is in general not holomorphic. Using the same method as above, we defined the unique 
complex structure on Di by realizing the holomorphic tangent bundle of Di as the subbundle 
of Yloui{H+,H/H+). 

Let X G T^'^M be a holomorphic vector field. Then X is horizontal in the sense that X is 
a section of the bundle Hom(i7"'°, iJ""^'!) © Hom(i?"-^'\ iJ"-2'2) © . . . . Define Xi to be an 
element in the bundle such that 

_ { X restricting to 
^ 1 otherwise 

and let X2 = X — Xi . Then we have 

X = Xi + X2. 

Furthermore, we have 
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Lemma 6.1. According to the complex structure of Di, the vectors fields Xi and X2 are holo- 
morphic and anti-holomorphic, respectively. 

Proof. Let 

H = ®H~ 

Then Xi is a map H~ , which can be identified as a holomorphic vector fields of Di. 

X2 can be identified as a map from H~ to H~^. It is the dual map of H~ under the 

polarization Q. Thus can be identified as an anti-holomorphic vector field. 

□ 

Continuation of the proof of Theorem 16. 11 From the above argument, we see that under 
the invariant Kahler metric of Di 

(6.4) = ll^ilp + 

If n is an odd number, then Di is the Hermitian symmetric space of third kind. That is 

Di = Sp{n,R)/U{n). 

It can be realized as the subset of n x n complex matrices 

{Z e M„(C)|/„ - Z^Z >0,Z^ = Z}. 

Its invariant Kahler metric can be defined as 

^^-dd log det(/„ - Z^Z). 



27r 

If n is an even number, then 

Di = 0{m,n,R)/{0{m) x 0(n)). 

There is a natural inclusion of Di: 

Di ^ D[ = SU{m,nC)/S{U{m) x U{n)). 

D[ is the Hermitian symmetric space of first kind, which can be realized as the subset of m x n 
complex matrices 

{ZGM„,„(C)|/n-Z^Z>0}. 
The invariant Kahler metric is defined as 



'^-dd logdet(/„ - Z^Z). 



27r 

The invariant Riemannian metric pn Di is the pull back of the invariant Hermitian metric on 
D'v 

In both cases (of Di for n odd and of D[ for n even) , the invariant Kahler metrics are defined 
using the polarization Q as 

^^591ogdetQ(, ). 



27r 

In order to prove the theorem, we just need to prove it at the original point. At the original 
point of Di {D[, resp), we can write the Kahler metric as 



2^ -^j 

d 



Let {gj-}o=i,... ,m be holomorphic vector fields of ^A, we have 

dZij dZ 
dza dza 
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Thus we have 



The reason for the above equahty is that each row of the matrix Zij represents an element in 
some H^''^. By the Griffiths transversahty, we have 

dZa ' dZa 

The inner product of the above two is the same as "aF^); which is zero. Similarly, we 

have 

II d 2 _ 1 1 Q'^ij 1 1 2 _|_ 1 1 1 1 2 

dZa ^ ^ dZa 

Comparing the above equation with (|6.4() . we proved that h is the Hodge metric. Using the 
result in we know that the h is Kahler . 

□ 

Let ujh be the Kahler form of the Hodge metric h. Then we have 
Corollary 6.1. In the case of n = 2>, then we have 

UJH = (m + 'i)u}wP + ^ic{uJwp)- 

In the case of n = A, we have 

ojh = 2(m + 2)ujwp + 2Ric{L0wp)- 

Proof. The case n = 3 was proved in ^2] using the result of [J. In the case of n = 4, we don't 
have the similar result as that of [J. However, using the generalized Strominger formula (|4.4j) . 
we have 

2(m + 2)i0wp + 2Ric{uJwp) = 2ujwp + '^9^^ Frjkidzi A dzj, 

where F is defined in (|4.3j) . Let X be a holomorphic vector on M. Then by the identifica- 
tion ()6.2|) and the fact that X is horizontal, 

X £ Hom(i?^'°, Hom(i/3,i^ jj2,2^) ^ }iom{H'^''^, H^'^) © Rom{H^'^, H^'^). 

Using (3) of Lemma l3.ll we know that u^wp gives the part of the metric h restricted on the 
space H'^'^ . Since DiQ. gives a basis of the space H^'^ , by h restricts to H'^'^ gives 



|x||^3,i = Y,9'''{x{Di^),x{Dj^)){n,n)-\ 



In particular, li X = then 



dZa 



" ijaa' 

To compute the norm of X on i/^'^ and H^''^, we use the duality as follows: let wi, • • • , wn be 
a (real) orthonormal basis of H^'^. Then we have 

N _ 
0=1 ij a=l 

Since the polarization is invariant infinitesmally under X, the above is equal to 

N _ 

ij 0=1 ij 
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Thus the norm restricted to H^'^ is the same as that on H^'^. Using the same method, we can 
prove that the norm of X on H^'^ is given by the Weil-Petersson metric. The corollary follows 
from 

||v'||2 ll"V^I|2 I llvl|2 I ||\^||2 I ||\^||2 

□ 

Corollary 6.2 (cf. Up to a constant, the Weil-Petersson metric and its Ricci curvature 

are less than or equal to the Hodge metric. 

Proof. This is an easy consequence of Theorem Kill 

□ 

Remark 6.1. It was a well known theorem of |2j that the holomorphic sectional curvature with 
respect to the Hermitian connection at the horizontal direction is negative away from zero. In the 
previous section, we give an explicit formula proving that the holomorphic bisectional curvature 
on the horizontal slice is nonpositive and the holomorphic sectional curvature is negative away 
from zero in the case of Calabi-Yau fourfolds. Since the Hodge metric is Kahler , the connection 
is also the Levi-Civita connection. 

Remark 6.2. One of the most confusing part of the theory of the Hodge metric is that the 
projection in Definition 12.41 is. in general, not holomorphic. This is of course true if Di is not 
a Hermitian symmetric space. Even if Di is a Hermitian symmetric space, the projection is 
Definition 12.41 is in general not holomorphic. However, in this case, there is a unique complex 
structure on D that will make the projection holomorphic and thus make the manifold D homo- 
geneous Kahler. D is in general not homogeneous Kahler, thus the invariant Hermitian metric 
can't be a Kahler metric. 

Take a closer look of the above phenomena ^. Let D = G/V as in Section |21 Consider the 
isotropy representation of the compact group ^ in To(i^), the tangent space of D at the original 
point. If V is the maximal compact subgroup of G, then the representation is irreducible and 
thus there is only one invariant almost complex structure. In general the group representation 
is not irreducible. Thus there are 2^ different almost complex structures on D where is the 
number of irreducible components of the representation. 

7. The curvature of the Hodge metric in dimension 1 

In this section, we prove that in the one dimensional case, the curvature of the Hodge metric 
is bounded near the boundary points with infinite Hodge distance. We will consider the n- 
dimensional case in the next paper jl^ij . 

Our starting point is the relation between the completeness of the metrics and the limiting 
Hodge structures. Such a relation was first drawn by C. Wang. In his paper [SHI, among the 
other results, Wang proved the following 

Theorem 7.1. Let A* he the one dimensional parameter space of a family of polarized Calabi- 
Yau manifolds. Then the necessary and sufficient condition for the Weil-Petersson mertric to 
he complete is NAq / 0, where N is the nilpotent operator in (|7.1|) of A* and Aq is defined 
in (dSI). 

As above, let A* be the one dimensional parameter space of a family of polarized Calabi-Yau 
manifolds. Let be the section of the first Hodge bundle F". Then by the Nilpotent Orbit 
theorem of Schmid (Theorem 12. 5|) . after a possible base change, we have 

(7.1) rj = e'^^i°§U(z), 



'This was pointed to the authors by Professor A. Todorov. 
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where is the nilpotent operator, A^"+i = for n the dimension of the Calabi-Yau manifolds, 
and 

(7.2) A{z)=Aq + Aiz + --- 

is a vector valued convergent power series with the convergent radius (5 > 0. (see Section |21 for 
details). Let 

for any A;, Z > 0. Then we can write VL as the convergent series 

(7.3) ^ = Y1 ^fc,'^'(log \)' = E ^'^^ifk'i- 

k,l k,l 

Define deg fk^i = k — Then we have the following lemma: 
Lemma 7.1. The convergence of (|7.3j) is in the C°° sense. Furthermore, we have 

(7.4) Yl <c^^'°"'(iog^)'", 

deg/fe,i<At 

where r = \z\, ko, Iq are the unique pair of nonnegative integers such that Iq < n, ko — > n 

and for any pair of integers k' , I' with k' — > fj, we have k' — > k^ — . C is a constant 
depending only on kQ,lQ,fj, and 17. 

Proof. From 1)7. 2|) . we have \Ak\ < (|)^^ and thus < for small 6 and large k. 

Thus we know that 

Y\^k,lfk,l\ < 5](^)-'=-V'^(logi)' < +00, 
k,l ^ 

and thus the convergence in (|7.3|) is uniform for r < 5/4. To prove that the convergence is (7* 
for any s > 1, we observe that 

fk,i ^ kfk-1,1 - Uk-l,l-l- 

Thus we have 

(7.5) Yl \^k,ikfk-i,i\ + \Ak,ilfk-i,i-i\ < ^(^)-'=- ^^-^(log ^)\k + n) < +oo, 

for r < (5/4. Thus the convergence is C^. Using mathematical induction, the convergence is 
in fact in the C'^ sense. To get the quantitative result ()7.4|) . we just observe that {fk,i)^^^ is a 
linear combination of fk-s,u ■ ■ ■ j fk-s,i-s with the coefficients not more than {2{\k\ + \l\)y ■ An 
inequality like H7.5|) gives the requires estimates. 

□ 

Having finished the convergence of the series, we prove the following 

Theorem 7.2. Assume the moduli space M of polarized Calabi-Yau threefolds is one dimen- 
sional. If A* is a holomorphic chart of Ai such that A* is complete at with respect to the 
Hodge metric, then the Gauss curvature of the Hodge metric is bounded."^ 

To prove the theorem, we first assume that A^^o 0- Under this assumption, we have the 
following 

Lemma 7.2. If NAq ^ 0, then the expression 

(e^^l°Siylo,e^^'°sUo), 
is a non-constant polynomial of log^, where r = \z\. 

The referee pointed out that the result is also true for partial Hodge metric. 
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Proof. By the definition of the operator A^, we know that N is an element of the Lie algebra 
of the Lie group Gr. Thus we know that the above expression is equal to 

If the above expression is a constant, we then would have 
(7.6) {N'Ao,A^) = 

for any positive integer /. Thus we would have 



(9,e^^i°s^^o,e"^^i°sUo) = 0. 
Since by the assumption, dze^^~^^°^~ Aq ^ 0, the nilpotent orbit theorem implies that 



{d,e'^^^°^^Ao,d,e'^^^°^^Ao) < 0, 

which is a contradiction. 

□ 

In what follows we use I to denote the degree of the polynomial in the above lemma. 
Corollary 7.1. If NAq / 0, then 

r'+\log -fWuJwP - 7 • ^ i.o dz A dz\ < C, 
r 4 r^(logi)^ 

for any integer s >0, where C is a constant depending only on s, n and the convergence radius 
6. 

Proof. For any mononomials of the form z*z*(log ^Y, with integers t,s,l, we define the degree 
of it to be i + s — l/{n + 1). We write 

{n,Tl) = c(log -Y + i2o(log -) + R{z,z,log -), 

where c(log ^Y is the highest order term of the polynomial in Lemma 17.21 Rq is the polynomial 
of log i of degree less than or equal to Z — 1 and R{z,z, log i) contains the terms with degree at 
least positive. From Lemma l7.ll the above series converges in the sense of C°°. The corollary 
follows from the fact that 

^ 1 , ,_ on, 

i^WP — 7 • TT^"-^ Adz = —oolog ■ 



4 r2(logi)2 (logi)'' 

_ _ □ 

Now we assume that NAq = 0. We normalize (17, fi) such that {Aq,Aq) = 1. Then we have 
the following expansion 

(7.7) log{n,Tl) = P + P + f{z,z){log-Y + R{z,z), 

r 

where f{z,z) ^ is a homogeneous polynomial of degree 2k ^ , and P is a polynomial of z of 
degree less than or equal to 2/c — 1 but no less than 1 and R{z,z) is a series of mononomials of 
degree great than 2k — l/{n + 1). In the expansion, we allow that I = 0. But if Z = 0, we assume 
that f[z,z) is not of the form of c{z'^'' + z^'^), otherwise, we can include f[z,z) in P + P. By 
Lemma l7. 11 the expansion is convergent in the C°° sense. We have the following observation 

Lemma 7.3. If I > 1, then there are no z"^^ or'z'^^ terms in the polynomial f{z,z). In particular, 

dM{z,z)^o. 



We shall prove that the degree of the polynomial is actually an even number. 
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Proof. From H7.7() . we have the following expansion 

{n,n) = i + p + p + f{z,z){iog -y + 



where the terms in • • • are the terms of degree at least 2A; — (/ — l)/(n + 1), or the terms without 
log If there is a nonzero z"^^ term in f{z,z), we must have 

which is not possible because of the assumption NAq = 0. Thus there are no z"^^ or z'^'' terms. 
Since / is not identically zero, this implies 

d,dj{z,z)^0. 

□ 

By 1)7. 7() and the C°° convergence, we have 
(7.8) A = -d,dJ{z,z){log -y + R{z,z,log -), 



where Xdz dz defines the Weil-Petersson metric and where R{z, z, log ^) contains terms of 

n+l • 

-dydj{z,z)>o. 



degree no less than 2k — 2 — ^-t^. Since A > 0, we must have 



Thus 2k is an even number, otherwise the integral of the above expression along the unit circle 
would be zero, contradicting to Lemma 17.31 So k is actually an integer. 

Lemma 7.4. Using the same notations as above, we have 

f{z,z)=cr^\ 

for some constant c. 

Proof. By Corollarv 16. 2| we have, up to a constant 

h > -dzd^ log A, 

where hdz ® dz defines the Hodge metric. By the Schwartz- Yau Lemma, we have 
(7.9) -d,d, log A < /i < ^ 



r2(logi)2 

up to a constant. However, at a point where dzdzf ^ 0, we have 

log A = logi-dzdJiz, z))+l log(log -) + log(l + ^' 



-5.5,/(z,z)(logi)'' 
Using the same method as in the proof of Corollarv 17. 11 we have 



15 1 n , Riz,z,log-) ^ 1 X 

dzdz iog(i + ; ) = 0(— ^-). 

-dzdJ{z,z){log^y H(logi)'^ 

Using (|7.9|) . we have 

dydzlog{-dydzf{z,z)) = 0, 

otherwise it could have been of the order r^^, which is a contradiction to 1)7. 9|) . An elementary 
argument using Lemma 17.31 shows the f{z,z) must be of the form stated in the lemma. 

□ 
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Proof of Theorem 17.21 First we compute the scalar curvature of the Hodg metric. We use 
the same notation as in the previous sections. Let A be the Weil-Petersson metric and let h be 
the Hodge metric. Let 



K = -login, n); 
K^ = -dAogin,n)- 

Fill = {^,dzd^d^n); 

Fun = diFni - Sr\^Fni + 2KiFui; 
^ = A-V^|Fiii|2. 

Let -Riiii be the curvature of the Weil-Petersson metric and let -Riiii be the curvature of the 
Hodge metric. 

Since Ai is the moduli space of polarized Calabi-Yau threefolds and M is one dimensional, 
from the Strominger formula we have 

i?iiii = 2A^ — A ^e^''^|Fiiip. 

So the Ricci curvature of the Weil-Petersson metric is 

Ric{X) = -d,d^logX = -A-^/2iTii = -2A + A-^e^^lFmp = -2X + A. 

This implies 

/i = (m + 3)A + ffic(A) = 4A + (-2A + ^) = 2A + ^ = A(2 + A-^e^^lFml^). 
So we have 

a,/i=a,A(2 + A-V^|Fiii|2) 

+ A[-3A-^a.Ae2^|Fiii|2 - 2X-^{n,nr\d,n,mFnif + a-V^5.Fiii:f^] 

=hX-'dA + A-2e2^;^(-3riiFiii + 2i^iFiii + a.Fiii) 

=/irii + A-V^:FhTFiiii. 



(7.10) 



Similarly, we have 

d^h = hfl'i + X-^e^^'FiuF^. 
So the curvature of the Hodge metric is 

Run =dzdzh - h-^d,hchh = d^{hT\^ + X-^ e^^^F^iFuu) - h-^d,hd^h 

=d^hr\^ + hd^T\^ - 2A-3a^Ae2^F^Fiiii - 2X-\n,T})-'^{n,dJ})F^Fuu 

+ A-^e^^C^Fiiii + A-2e2^;^a^Fiiii - h-^d,hd^h 
={hf\'i + A-2e2^FiiiFh7T)rli + hd^r\^ - 3A-2riie2^Fh7Fiiii 
+ A-^riie^^FhTFiiii + 2A-2e2^i^iFhTFiiii + A-^e^^S^FhTFim 
+ A-2e2^:^a^(a,Fiii - 3riiFiii + 2K1F111) - h-^d,hdjh. 
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(7.11) 



Using c^rj]^ = dzdzlogX = —Ric{X) = 2X — A, from the above formula we have 

^iTiT =h\rli\^ + Tl^X-^e^^'FuiF^i + (2A + A){2X - A) + A-^e^^lFmil' 
+ fl',X-\^''F\^Fiui + A-2e2^:FhT(-3(2A - A) + 2X)Fui 
- h~\hT\, + X-^e^'^F^iFuuXhfi; + X'^ e^"" FuiF^i) 
(7.12) =4A2 -A^ + A-^e^^lFniiP + ^(3^ - 4A) - /i-^-^e^^lFml VnnP 

=4A^ - AXA + 2A^ + X-^e^^\Finif{l - h'^A) 
=4X^ - AXA + 2J^ + A"2e^^|Fiiii|2(2A/i~^) 
=4A2 - 4A^ + 2A^ + 2A"^e2^|Fiiii|2/i~^ 
The scalar curvature of the Hodge metric is given by 

,_2f^ 4A2-4A^ + 2^2 2A-ie2^|Fiiii|2 

p = -h = - 



.7.^^ (2A + A)2 (2A + ^)2 

^' ^ 4-4e2^A-3|FmP + 2e4^A-6|Fmr 2e2^A-4|Fnii P 



(2 + e2-f^A-3|Fin|2)2 (2 + e2^A-3|Fiii|2)3 " 

Apparently, the first term on the right hand side of 1)7. 13j) is bounded. Thus in order to prove 
the theorem, we just need to bound the second term of the right hand side of 1)7. 
Case 1. N Aq / 0. In this case, by Corollarv l7.1l we have 

H(iog -y 

For the Yukawa coupling Fm, we always have F\\\ = 0{-^). If = O(t-), then = 

0(pr). Thus 

2e2^A-Viiiil'-0, 
and is bounded. If Fm ~ p-, then we have the following asymptotic computations 

SiFiii ~ 

rnFiii ~ 

|i^ii^iii|<C ^ 



Thus we have 

(7.15) |Fiiii|<C- 



r4 log 1 
1 



Using the facts that Fm ~ p-, we have 

(7.16) e^^X-^ ~ 

Using (|7.14j) . (|7.15j) and (|7.16|) . we proved that in this case the curvature is bounded. 
Case 2. NAq = 0. In this case, by (|7.8jl and Lemma [731 

A = -cA;V('=-i)(log^)' + i?(z,z, log^), 

where R{z,z, log ^) contains terms of order at least 2(A;— 1) — We claim that I > 1, otherwise, 
by the above equation, we would have that the Hodge metric, as the linear combination of the 
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Weil-Petersson metric and its Ricci curvature, satisfying 



h < 



r ' 



r 

for some positive integer s, and thus is incomplete. A straightforward computation gives 

■2K\-2\p |2 ^ 1 

e A li^iiil ~ 

This imphes that 

-fill ~ 2= , 

and by using the same argument as we did in Case 1, we have 

iFiiiil <Cr2'=-4. 

Thus we have 

<2e-^^AVnll|V|i^lll|^ 



(2 + e2^A-3|Fni|2)3 
and it is bounded. 

□ 

8. The Weil-Petersson Geometry 

By a classical result of Wolpert IHUj, the curvature of the Weil-Petersson metric on Teichmiiller 
space is nonpositive. However, the curvature of the Weil-Petersson metric on the moduli space of 
Calabi-Yau manifolds doesn't have such a good property ^. The bad curvature property makes 
it difficult to do geometric analysis on the moduli space. In order to overcome this difficulty, 
in and ^21; the first author introduced a new Kahler metric called Hodge metric. On one 
side, the holomorphic bisectional curvature of the Hodge metric is nonpositive, on the other 
side, up to a constant, the Weil-Petersson metric is smaller than the Hodge metric. Thus one 
can use the Hodge metric to do the similar geometric analysis as that on Teichmiiller space and 
then translate the results back in the language of the Weil-Petersson metric. 

In the proof of the nonpositivity of the curvature of Hodge metrics (cf. jl2j and The- 
orem E2|, we don't need the assumption that the manifold is the moduli space of Calabi-Yau 
manifolds. All we need is the fact that the manifold is a horizontal slice and there is a Weil- 
Petersson metric on it. In fact, the existence of the Weil-Petersson metric gives severe restric- 
tions on the variation of the Hodge structures. These kinds of restrictions haven't been studied 
comprehensively. 

Lemma 17.31 and 17.41 are good examples of how the existence of the Weil-Petersson metric 
affects the variation of the Hodge structures at infinity of the horizontal slices. In fact, using 
the notations in § [3 Lemma 17.41 implies the following 

Proposition 8.1. Let k,l be defined in (|7.7)) . Then if I > 1, we have 

for any p + q = 2k but p ^ q, where the vectors Ap are defined in (|7.2() . 

Besides the case p = 0, it is rather difficult to prove the above result without using the 
Schwarz-Yau inequality. We believe that there are more properties of this kind. Because of this, 
we defined the following concept of the Weil-Petersson geometry and would like to study the 
properties in a systematic way. 



In fact, physicists found that the curvature of the Weil-Petersson metric on certain moduli space can either 
be positive or negative (5| page 65]. 
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Definition 8.1. The Weil-Petersson geometry contains a Kdhler orbifold M with the orbifold 
metric lowp such that: 

(1) Let M be the universal covering space of M . Then there is a natural immersion M D 
from M to the classifying space D (cf. 4 J such that M is a horizontal slice of D. In 
this way, we can also endowed the Hodge bundles F^, - ■ ■ , to M where is a line 
bundle; 

(2) ujwp is the curvature of the bundle F^. It is positive definite and thus defines a Kdhler 
metric in M and is called the Weil-Petersson metric; 

(3) M is quasi-projective and F"^ is an ample line bundle of M . The compactification is called 
Viehweg compactification j271 page 21, Theorem 1.13]. The Hodge bundles F^,--- , 
extend to the compactification M of M ^^; 

(4) After passing to a finite covering and after desingularization, in a neighborhood of the 
infinity, M can be written as 

where A is the unit disk and A* is the punctured unit disk. Let Q be a local section of 
in the neighborhood, then locally, Q can be (multi-valuedly) written as 

where Ni, - ■ ■ ,Nk are nilpotent operators and A is a vector valued holomorphic function 
of Zi, - ■ ■ ,Zn- 

Remark 8.1. The first property of above is basically the Griffiths transversality 0]. The second 
property is a theorem of Tian . The third one is the compactification theorem of Viehweg |27j 
and the fourth property is the Nilpotent Orbit theorem of Schmid (20] . 

The theorems in this paper are true for abstract Weil-Petersson geometry defined above. A 
further study if the Weil-Petersson geometry will be the project of future study. In particular, 
we wish to define a natural metric which is a modification of the Hodge metric at infinity similar 
to that of McMullen's in the case of Teichmiiller space. It would be interesting if we can do 
so in the category of the Weil-Petersson Geometry. 

9. Appendix 

In this appendix we prove Theorem l4.lL As before, the subscripts ■ ■ ■ are all ranging from 
1 to m, unless otherwise noted. 

Proof of Theorem 14. IL By definition uj^ = ^lOJwP + Ric{LOwp)i since the Weil-Petersson 
metric is Kahler, we know lo^ is d-closed. From the Strominger formula (|4.4j) . we know the Ricci 
tensor of the Weil-Petersson metric is 

(9-1) i2,j = -(m + l)g,j + 5%,p 

Thus we have 

(9-2) % = A5,j + 5"^^%,^, 

where A = /i — m — 1. Thus > which implies iv^ is Kahler . 

Usually, choosing a normal coordinate system will simplify the computation greatly. However, 
in the following computation, the use of general coordinates will make the computation easier. 



'This follows from Schmid's Nilpotent Orbit Theorem |20| . 
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To simplify the computation we first calculate diDaDiVt. Using Remark 13 . 1 1 and Lemma l3.ll 
we have 

(9.3) =d.i9an) + g^jD^n + K^g-p - R,^^jg^^D,n - 9'^j^9,j^ 

=g-,D^n + g^jD.n - R,^^,g<^ D,^ 

Similarly, we have 



(9.4) dkDfsD.n = dkDpDjQ = F^-^^pP'^D^n 

since F is a curvature like tensor. Now because 0, is holomorphic, we have = diQ = 0. 
Using Lemma 13.21 equation ()9.4p and the Hodge- Riemann relations, we know 



which implies 



dhjj _^dg,j {dkDaDin,Df3Djn) „^ {D^Di^l,dkDpDj^) „^ 
dzk dzk ^ {n,Ti) ^ 



_ {DaD,n,DpD,n) -0 ^ {DaD.,n,DpD,n)dg"'' 

^/ i fc . j ^^^^^ 

{dkDaDin,DpDjn) „^ iKkDaDin,DpDjn) 
dzk {ft,!}) ^ {ft,!}) ^ 



(9.5) _ KkDpDi^2.^pDj^) 



Similarly we have 
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From ()9.5|) and (|9.6|) we have 



^ (nM) ^ ^ '''''' 



(9.7) 



(17,17) ^ (17,17) ^ ^'^ (17,17) ^ 



Since 



^-^'^^ dzkdzi dzk dzi ' 
by (|ni3), and (|^ . we have 



'^^^ (17,17) (17,17) (17,17) 



_ {dlTkai,Df3Dj^l) {Tkai, Tip j) g-p Y^ {Tkai,DqDf3i}) 

(17,17) ^ (17,17) ^ (17,17) ^ 

(9-8) + + rf,^^^^^^^5"^ + rmh,. 



(17,17) 

(17,17) ^ (17,17) ^ ''^ ^' ^ 

(17,17) ^ (17,17) ^ 



St 



{Tkai,Tii3j) -p _ {Tkai,Df3Dt^) g-p {DjDs^, Tirj) 

(17,17) (17,17) (17,17) 

(diTkai,DpDj^}) -p pg _ 

+ (17,17) ^ +^^5^-'^ 
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Using (|9.3|) . Lemma l3.ll Lemma 13.21 and the Hodge-Riemann relations we have 



a/3 

{ft,!}) 



_ {dkdiDaDin,DpD,n) {{^lKk)DaD^n,DpDjn) „^ 

(0,0) 

— 7? - -p - -a^^cP'^ -\- F - -a"^n - 
~^ aliq^pPkjy y ^ ^afSijy ^kl 

^aqkrpPijy y ^iqkrpPajy ^ ■ 

By (|9.2j) and the Strominger formula (|4.4)) . the above expression is 

(9-10) F.^qa-iPplkP'-'^a'' + ^a,fcI%pF5°^5^^ + A(<7,7<7fci + 9u9k3) - (A + 

Using the Hodge-Riemann relations we have 



(0,0) (0,0) (0,0) 

and 

(9 12) j^st i'^kai,D£Dt^) {D-yDs^^Tirj) j: ^ ^^j {Ekc,i,D^Dt^) {DjDs^^Ei^j) - 
(0,0) (0,0) (0,0) (0,0) 

Theorem lO follows from (FTTni) (UnTl) . and (PH^ . 



□ 
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